Digital-magnetic heterostructures ͑DMH's͒, II-VI quantum wells with ''planes'' of Mn, exhibit strongly spin-dependent physics. We investigate the magnetic-field (B) dependence of exchange-induced energy splittings and spin-flip scattering in DMH's. We find that Mn clustering is relevant to explain the magnitude and the concentration dependence of recently observed splittings. Our calculated electron spin-flip times show ''branching,'' i.e., s f up→down decreases and s f down→up increases with increasing B. This feature, consistent with recent data, is due to the B-field dependence of the available phase space. ͓S0163-1829͑98͒51848-6͔
Spin-related phenomena are most conveniently studied in Mn-based semiconductors. These are II-VI compounds alloyed with Mn atoms behaving like spin-5/2 magnetic impurities. Electrons in these structures interact with the localized magnetic moments of the Mn ions via the sp-d exchange interaction. In an external magnetic field, this exchange interaction gives rise to a spin-dependent potential. This in turn lifts the degeneracy of the spin-up and spin-down electron and hole states. 1 The relevance of this natural segregation of the spin states and its direct connection with spin-dependent phenomena is mostly appreciated in the context of Mn-based heterostructures.
In digital-magnetic heterostructures ͑DMH's͒ Mn ''planes'' are incorporated in the well region of a quantum well, 2 see Fig. 1 . Crooker et al. 2 have systematically studied the magnetic-field dependence of both exchange-induced energy splittings and spin-flip times s f in DMH's. From optical measurements with both left-and right-circularly polarized light, Ϫ and ϩ polarizations, respectively, the authors found that the energy splittings exhibit a Brillouin-like behavior, for increasing magnetic fields, characteristic of paramagnetic impurities. More interesting, however, is the observation that the exchange splittings increase with the number of Mn planes in the well region. The authors suggest clustering effects as responsible for this particular ordering. As for the spin-flip times the authors found that s f vs B displays a two-branch spin-dependent feature directly related to the pump polarization. The Ϫ and ϩ pump polarizations generate polarized electron-hole pairs that spin relax differently in a magnetic field.
Here we investigate theoretically the magnetic-field dependence of exchange energy splittings and electron spin-flip times in DMH's. Inclusion of clustering effects within the ''quasi-two dimensional'' Mn arrangements, via effective planar concentrations, is crucial to obtaining the correct order of magnitude of the energy splittings as a function of B ͑as in bulk Mn-based systems͒ and, more importantly, their proper ordering-at a given B the exchange splittings increase with the number of Mn planes-seen experimentally.
We consider electron spin-flip scattering only due to the s-d interaction. The actual spin-flip mechanism as well as whether it is the spin of the electron, hole, or exciton, 3 which relax in DMH's are not the issues we are concerned with here. We believe the two-branch feature of the experimental s f vs B curves is due to phase-space filling ͑PSF͒ and not to any particular spin-flip mechanism. In our model PSF effects are accounted for by properly including magnetic-field dependent Fermi functions in the scattering rate calculation. Exchange-induced scattering provides a simple spin-flip mechanism for which PSF effects are readily studied. 4 We find ͑i͒ exchange-induced energy splittings comparable to the experimental ones, ͑ii͒ the energy splittings increase with the number of Mn planes in the well for a given magnetic field, and ͑iii͒ spin-dependent spin-flip times that ''branch'' with increasing magnetic field, i.e., the spin-up ͑down͒ to spin-down ͑up͒ spin-flip time decreases ͑in-creases͒. Accounting for clustering is essential in obtaining the the correct order of magnitude and the right ordering of the experimental exchange splittings. Noticeable branches in our s f vs B curves are observed only when PSF is considered. This feature is also present in the dilute-magnetic- Fig. 1 . The particular shape of the barriers should not be relevant since these barriers lie within the well region and hence are probed in their entire extension by the electron ͑hole͒ wave function.
5 For simplicity we consider one-monolayer-thick barriers; in remarks at the end of the paper, we argue this approximation is not essential to our conclusions. Denoting by x p the Mn planar concentration, N 0 ␣ the electron exchange constant, N b and Z j the number and positions along the growth direction of the Mn barriers, respectively, and ͗S z ͘ the average Mn spin per site, we can write the electron potential profile V(z) of a DMH as
where 1 is a 2ϫ2 unit matrix, z the Pauli matrix, and ⌰(x) the Heaviside function. Heavy holes and light holes see a similar potential profile; however, with different band offsets. The experiments in Ref. 2 involve polarized heavyhole-electron pairs. These polarized pairs have total angularmomentum components equal to z e ϩ z hh ϭϮ1, where z e ϭϮ1/2 and z hh ϭϮ3/2 denote the electron and heavy-hole components, respectively.
Exchange splittings. In a magnetic field, the lowest transition energy ͑i.e., a transition involving heavy holes and electrons in their first subbands͒ of the ϩ1 pair is E hh,e ϩ1 (B) ϭE Ϫ1/2 (B)ϪE 3/2 (B) and that of the Ϫ1 pair is E hh,e Ϫ1 (B) ϭE 1/2 (B)ϪE Ϫ3/2 (B), see the inset in Fig. 2͑a͒ . The corresponding exchange-induced energy splittings, relevant to the experiments, are
where E hh,e ϵE hh,e ϩ (0)ϭE hh,e Ϫ (0). By solving the effectivemass Schrödinger equation for both electrons and heavy holes, 6 in their respective spin-dependent confining potentials, we can determine the subbands edges and hence
Figures 2͑a͒ and 2͑b͒ show the calculated exchangeinduced energy splittings, Eq. ͑2͒. In these figures ͑and in the subsequent ones͒ we use Lϭ40 monolayers ͑1 MLϳ3 Å͒ the band offsets V 0 e ϭ185 meV and V b e ϭ800x p meV for electrons and V 0 hh ϭ97 meV, V b hh ϭ100x p meV for heavy holes.
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We use effective masses m e *ϭ0.16m 0 and m hh * ϭ0.6m 0 for electrons and heavy holes, respectively. In the subsequent figures the notation 2 6ϫ1/2 ML ͑9ϫ1/3 ML͒ means a DMH with N b ϭ6 (N b ϭ9) Mn planes and nominal concentration x p ϭ1/2 (x p ϭ1/2). Note that the nominal concentration is x p ϭ1/(N b /3), with N b ϭ3,6, . . . . Energy splittings for the DMS quantum-well limit are also shown for completeness.
Figures 2͑a͒ shows the calculated exchange-induced energy splitting for nominal planar concentrations. These theoretical energy splittings are inconsistent with the experimental data 2 because ͑i͒ they are much larger than the experimental ones and ͑ii͒ the ordering of ⌬E ϩ with increasing N b ͓see dashed rectangle in the lower branch of Fig. 2͑a͔͒ is the opposite of that found experimentally, which increases with N b . We shall see that both ͑i͒ and ͑ii͒ are consequences of overestimating the number of Mn spins that contribute to the magnetic response of the system.
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Nominal concentrations and wrong ordering. Because the exchange constant for holes is about four times larger than the electron one, the ordering of the energy splittings ⌬E Ϯ (B) is dominated by the shifts of the heavy-hole subband edges, i.e., E 3/2 (B) and E Ϫ3/2 (B). For nominal concentrations the potential seen by a heavy hole is V b hh Ϯx p ͗S z ͘N 0 ␤/2, N 0 ␤ is the hole exchange constant. This gives rise to a set of high barriers for z hh ϭϪ3/2 and a set of deep wells for z hh ϭ3/2. 9 Since x p ϭ1/(N b /3) decreases with N b , so do the barrier heights and the well depths thus enhancing ͑suppressing͒ the amplitude of the spin-down ͑spin-up͒ heavy-hole wave function within the Mn planes. The exchange splittings ⌬E Ϫ (B) and ⌬E ϩ (B) are proportional to the spin-down and the spin-up wave functions of the heavy holes, respectively. Hence, as N b increases ⌬E Ϫ (B) also increases while ⌬E ϩ (B) decreases, thus giving rise to the wrong ordering shown in Fig. 2͑a͒ . Next we verify that clustering effects are important to the correct description of these energy splittings.
Clustering and effective concentrations. The simplest way c times the probability that a given site is occupied x p , times the probability that this site has no nearest neighbors, (1Ϫx p ) 4 both z hh ϭ3/2 and z hh ϭϪ3/2. The use of an effective concentration suppresses the sp-d exchange contribution to the potential. For the z hh ϭ3/2 heavy hole this contribution is not strong enough to turn the nonmagnetic barriers into wells as in the case of nominal concentration. By the argument in the previous paragraphs, ⌬E ϩ (B) now increases with N b and the correct ordering of the energy splittings is achieved. In Fig. 2͑b͒ both the magnitude of the exchange splittings and the ordering of ⌬E Ϯ (B) with N b are consistent with the experimental results.
2 Hence, accounting for clustering effects, though in an ad hoc way, provides a better description of the experimental data.
Spin-flip process and scattering rate in DMH's. 
͑3͒
where ⍀ 0 is the primitive-cell volume, N 0 ␣ the electron exchange constant, Sϭ5/2 the Mn spin, Z n the position of the Mn planes, and m ↓ (B)ϭE 1 ↓ (B)ϩk B T e ln(e ⌬ m /k B T e Ϫ1) the chemical potential of the minority electrons. The angle brackets ͗ . . . ͘ denote thermal averages ͑at a lattice temperature T L ϭ5 K͒ over the Mn spin orientations S z ϭϪ5/2, Ϫ3/2, . . . ,3/2,5/2. An equation similar to Eq. ͑3͒ holds for the spin-down to spin-up transition rate with the additional constraint E(k ʈ i )ϵប 2 k ʈ i 2 /(2m e *)уE 1 ↑ (B)ϪE 1 ↓ (B) that assures conservation of energy for this transition. The exponential factor in Eq. ͑3͒ accounts for the occupation of the minority subband, i.e., PSF effects, and strongly depends on the magnetic field.
Spin-flip times. Figure 4 shows the calculated electron spin-flip times s f u→d (k ʈ i ) and s f d→u (k ʈ i ) for several E(k ʈ i ) as a function of the magnetic field for a DMS well 11 and 12ϫ1/4 ML, 15ϫ1/5 ML, and 18ϫ1/6 ML DMH's. Other DMH's with fewer Mn planes present similar behavior; however, the spin-flip times for fewer Mn planes are much larger because we use effective concentrations x p *ϭx p (1Ϫx p ) 4 in the calculation ͓x*ϭx(1Ϫx) 12 for the DMS well͔. Unlike the experiments, the calculated spin-flip times for different DMH's do not converge to the same point on the vertical axis for Bϭ0. This is a further indication that exchange-induced scattering is not the relevant mechanism seen in the experiments. 4 Note that the upper branches in this figure correspond to s f d→u (k ʈ i ) vs B while the lower ones to s f u→d (k ʈ i ) vs B.
Enhanced two-branch feature. The important feature brought about by PSF is the enhacement of the splittings of the s f vs B curves ͓compare the three curves for the 18ϫ1/6 DMH, E(k ʈ i )ϭ1, 2, and 3 meV, to the solid line in Fig. 4͔ . In the absence of PSF, solid line in Fig. 4 , this splitting is very small and reflects mostly the term Ϯ͗S z ͘ in the expressions for s f d→u (k ʈ i ) and s f u→d (k ʈ i ). This enhanced splitting also occurs in the DMS well, see DMS curves in Fig. 4 . The experimental results, inset in Fig. 4 , are shown so one can appreciate the two-branch feature of the s f vs. B curves; no quantitative comparison is intended. Note, however, that we are plotting s f theory /2 vs B; this is the relevant spin-flip time for the relaxation of the spin polarization ͑population difference͒.
The magnetic-field dependence of s f
Ϫ1 , see Eq. ͑3͒, through the subband edge E 1 ↑ (B). Similarly, s f d→u (k ʈ i ) has its main magnetic-field dependence in the minority spin-up Fermi factor through E 1 ↓ (B). The inclusion of PSF in our calculation gives rise to larger splittings of the s f vs B curves as compared to the case with no statistical effects.
Remarks. The unrealistic assumption of one-monolayerthick effective barriers ͓with corresponding effective planar concentrations x p *ϭx p (1Ϫx p ) 4 ͔ used in our description of DMH's, is not crucial to our conclusions. The width of the Mn barriers is important to the extent that they, together with the barrier height and x*, determine how big the exchange splittings are. Performing simulations with two-monolayerthick barriers for DMH's with N b ϭ6 and 9 we found the correct ordering only when using effective concentrations x*ϭx (1Ϫx) 8 . Clustering is the relevant effect; not the dimensionality of the equispaced Mn layers. As for spin-flip times, they hardly change ͑in the range 0 -1 T͒ for nominal concentrations.
We have studied the magnetic-field dependence of exchange-induced energy splittings and electron spin-flip times in DMH's. We have found that Mn clustering and PSF are crucial to describe these recently measured quantities.
2 In addition, we suggest that the two-branch feature of the electron spin-flip times is a general characteristic of relaxation times in Mn-based systems and not peculiar to any specific spin-flip mechanism-provided phase-space filling is important. Other relaxation times in these systems should also exhibit this behavior. Recombination times extracted from time-resolved photoluminescence data 12 in DMH's seem to support this view. 6 We treat the holes in the diagonal approximation. In addition, we neglect excitonic effects and Landau-level quantization. 7 The band-gap difference between Zn 0.8 Cd 0.2 Se and MnSe is roughly 900 meV. We arbitrarily split this band-gap difference between the conduction ͑800 meV͒ and valence ͑100 meV͒ offsets. 8 Varying V b e and V b hh does not change these theoretical results.
However, for the unrealistic case V b e ϭ0 and V b hh ϭ900 meV the ordering is correct. 9 For the 6ϫ1/2 ML DMH with BϷ4 T these barriers heights are ϳ500 meV and the well depths ϳϪ500 meV. 
